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Abstract
A graph G = (V ,E) is an integral sum graph (ISG) if there exists a labeling S(G) ⊂ Z such that V = S(G) and for every pair of
distinct vertices u, v ∈ V , uv is an edge if and only if u + v ∈ V . A vertex in a graph is called a fork if its degree is not 2. In 1998,
Chen proved that every tree whose forks are at distance at least 4 from each other is an ISG. In 2004, He et al. reduced the distance
to 3. In this paper we reduce the distance further to 2, i.e. we prove that every tree whose forks are at least distance 2 apart is an ISG.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Given a set of integers S, G(S) = (S,E) is a graph, where the edge uv exists if and only if u + v ∈ S. A graph
G= (V ,E) is an integral sum graph or ISG if there exists a set S ⊂ Z such that G=G(S). This set is called a labeling
of G. It is convenient to identify the vertices of an ISG with their labels (integers).
ISGs were introduced by Harary [2]. Liaw et al. [4] posed the conjecture that every tree is an ISG. This conjecture
was proved only for some classes of trees: caterpillars [4] (see also [6,7] for some special cases of caterpillars), banana
trees [5], generalized stars and trees whose forks are at distance at least 4 from each other [1] (by fork we mean a vertex
of degree not 2). In 2004, He et al. [3] proved that if a tree has a hanging path of length at least 3 then it is an ISG.
Clearly, each tree whose forks are at distance at least 3 from each other must have such a path. In this paper we further
reduce the required distance between the forks from 3 to 2.
The main result of the paper can be also formulated in terms of subdivisions. Given a graph G, we say that a graph
G′ is a subdivided G if every edge e ∈ E(G) is substituted by a path Pe where the length of each path is at least 2.
Then the main result of the paper is that every subdivided tree is an ISG.
2. Main result
First we need to introduce some notations. For S ⊂ Z and integer m = 0 let mS = {ms | s ∈ S}. It is an easy well
known observation that G(S) = G(mS) for every S and m = 0. The labeling S of an ISG G is minimal if the elements
of S have no common divisor greater than 1 (i.e. S = mS′ for every m> 1 and S′ ⊂ Z).
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We say that an ISG G is a strict ISG if it has a labeling S such that for every s ∈ S we have −s /∈ S (in particular,
0 /∈ S). The corresponding labeling is a strict labeling of G. Not all ISG are strict ISG. For example, K3, P2, and P3
are ISG but not strict ISG.
Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs with V1 ∩ V2 = ∅ and let vi ∈ Vi for i = 1, 2. Then by
G = (G1, v1)	(G2, v2) we denote the graph obtained from the union G1 ∪ G2 by the identiﬁcation of the vertices v1
and v2.
The main result is based on the following two lemmas.
Lemma 1. Let G1 = (V1, E1) be a strict ISG with |E1|> 0 and a ∈ V1 be its arbitrary vertex. Let G2 be a path of
length 2 and x be its end-vertex. Then the graph G = (G1, a)	(G2, x) is a strict ISG.
Proof. LetS1 be aminimal strict labeling ofG1. Byminimality, not all elements ofS1 are even. SinceG1 is not edgeless,
not all elements of S1 are odd. So, there exists b ∈ S1 such that a − b ≡ 1 (mod 2). Let S = 2S1 ∪ {b− a, b+ a}. Since
(a + b) + (b − a) = 2b = 0 and S1 is strict, S is also a strict labeling. Let us prove that G = G(S). Since the elements
of 2S1 are even but b − a and b + a are both odd, the labels of 2S1 in S induce a copy of G1. The vertices b − a and
b + a are adjacent because (a + b) + (b − a) = 2b ∈ 2S1 ⊂ S. Suppose that for some x ∈ S1, 2x + b − a ∈ S. Then
by the oddity we have 2x + b − a = b + a and therefore x = a. So, the only vertex in 2S1 adjacent to b − a is 2a.
Analogously, if b + a is adjacent to some 2x ∈ 2S1 then we would have b + a + 2x = b − a, i.e. x = −a. But since S1
is strict, −a /∈ S1. So, G = G(S).Lemma 1 is proved. 
Lemma 2. Let G1 = (V1, E1) be a strict ISG with |E1|> 0 and a ∈ V1 be its arbitrary non-isolated vertex. Let G2 be
a path of length 3 and x be its end-vertex. Then the graph G = (G1, a)	(G2, x) is a strict ISG.
Proof. LetS1 be a strict labeling ofG1 and b be a neighbor of a. Then a+b ∈ S1. Choose an odd integer c > 3∗max{|s| ∈
S1}. Note that then {a + c, b− c, c− b, b− a − c, a + c− b} ∩ S1 =∅. Let S = 2S1 ∪ {c, 2b− c, c+ 2a}. Again, since
c, 2b − c, and c + 2a are odd, the elements of 2S1 induce a copy of G1 in S. Since {2b, 2a + 2b} ⊂ 2S1, the vertex
2b− c is adjacent both to c and to 2a + c. These vertices are not adjacent because a + c /∈ S1 and therefore 2a +2c /∈ S.
If 2b−c+2x ∈ {c, 2a+c} then x ∈ {c−b, c+a−b} and none of these integers lies in S1. If c+2x ∈ {2a+c, 2b−c}
then x ∈ {a, b − c}. But we have a ∈ S1 and b − c /∈ S1. Therefore, the only neighbor of c in 2S1 is 2a. Finally, if
c + 2a + 2x ∈ {2b − c, c} then x ∈ {b − a − c,−a}. First of these integers cannot be in S1 by the choice of c and the
second — because S1 is strict. So, G=G(S). We have c = −c − 2a because c = −a. If 2b − c ∈ {−c,−c − 2a} then
b ∈ {0,−a}, a contradiction, since S1 is strict. So, S is strict. Lemma 2 is proved. 
Theorem. Let T be a tree and T ′ be a subdivided T. Then T ′ is an ISG. Moreover, if |E(T )|> 1 then T ′ is a strict ISG.
Proof. As it was mentioned above, P2 and P3 are ISG but not strict ISG (we may take S(P2) = {0, 1, 2} and S(P3) =
{−1, 1, 2, 3}).
Now we prove the second part of the theorem by induction on |E(T )|. If |E(T )| = 2 then T ′ is a path of length at
least 4. Here are the strict labelings of P4 and P5: S(P4) = {−2, 1, 3, 4, 5}, S(P5) = {−3,−1, 2, 4, 5, 6}. The strict
labelings of greater paths could be obtained from them using the construction of Lemma 1.
Let T be an arbitrary tree with |E(T )|> 2 and T ′ be a subdivided T. Take a leaf v of T and denote by e = vu the
only edge incident with it. Let T1 = T \{v} and T ′1 be a subdivided T1 having the same subdivision as T ′. It is clear that
T ′1 = T ′\(Pe\{u}), where the length of the path Pe is at least 2. By induction, T ′1 is a strict ISG. Using Lemma 1 the
necessary number of times and, if Pe is odd, Lemma 2 we obtain a strict labeling of T ′. Theorem is proved. 
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